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Abstract. Recent work has shown the promise in using local-search
\prob es" as a basis for directing a backtracking-based re�nement search.
In this approach, the decision about the next re�nement step is based
on an interposed phase of constructing a complete (but not necessarily
feasible) variable assignment. This assignment is then used to decide on
which re�nement to take, i.e., as a kind of variable- and value-ordering
strategy.
In this paper, we further investigate this hybrid search approach. First,
we evaluate methods for improving probe-basedguidance, by basing re-
�nemen t decisions not only on the �nal assignment of the probe-con-
struction phasebut also on information gathered during the probe-con-
struction process.Second, we consider the relativ e strengths of probe-
basedsearch control and search control that is biased by more classically
motiv ated variable- and value-ordering heuristics (incorp orating domain-
speci�c knowledge). The approaches are evaluated on various problems
from the job-shop scheduling domain.
Our results indicate that | while probe-basedsearch performs better
than an uninformed search | use of domain-speci�c knowledge proves
to be a much more e�ectiv e basis for search control than information
about constraint interactions that is gained by local-search probes, and
leads to substantially better performance.

1 In tro duction

A broad range of combinatorial problems is naturally formulated as constraint
satisfaction problems (CSPs), and as such, the design of e�cien t and general
search techniquesfor solving CSPshasattracted much attention in recent years.

Generally, thesesearch methodsarebasedon the ideaof re�nement, i.e., step-
wisereduction in the value domainsof the decisionvariablesuntil each variable's
domain has exactly one admissiblevalue. Re�nement-based search methods are
classically formulated within a backtracking search framework. In this frame-
work, constraint propagation techniques are applied at each re�nement step,
and provide a basis for detection and early pruning of infeasible states. For ex-
ample, supposewe have two �nite variables A and B with domains of f 1 : : : 10g



and a constraint B > A. In the caseof a chosenre�nement of A 2 f 5 : : : 10g,
the propagation will entail a domain reduction of B to f 6 : : : 10g. Re�nement
decisionsand propagation are iterativ ely repeateduntil a solution is found. If the
re�nement that wasmadeturns out to be inconsistent later on, which meansthat
no more possiblevalues are left in a variable's domain, backtracking is applied
to chooseanother re�nement option.

Search-control heuristics for re�nement search typically exploit measuresof

exibilit y/in
exibilit y in the evolving partial solution | the sizesof domains
of various variables in the most basic case.The e�ectiv enessof theseheuristics
rests on the abilit y to properly distinguish more-constraineddecisionsfrom less-
constraineddecisions,which canbemoreor lessevident from propagation results
at di�eren t stagesof the search and at di�eren t levelsof solution di�cult y. Since,
in the caseof domain-independent heuristics, guidanceis usually baseddirectly
on (local) constraint propagation results, they cansu�er from the lack of a global
perspective on decision constrainedness.Domain-speci�c heuristics (e.g., [2,3])
o�er one approach to providing more globally-motivated search guidance.

Search methods that are basedon local search, on the other hand, generatea
solution by repeatedly revising a concretevalue assignment of the variables. For
example, the variables A and B could initially be assignedwith valuesof A = 1
and B = 1. As long asconstraints are inconsistent with this assignment, such as
B > A, the assignment will iterativ ely be revised. Changesare typically guided
by someinconsistency measurement. For example, if the repair methods allow
search to increaseor decreasea variable, B might be changedto B = 2 in order
to lower the inconsistencyof the constraint B > A. Such repairs are iterativ ely
applied until a solution is found or the search is stopped.

Local-search methods tend to build up a global picture of the \hot spots"
currently causinginconsistency, but they lack a more systematicway of resolving
theseconstraint interactions.

Giventhe complementary strengthsof re�nement and local-search approaches,
it makes senseto combine them. Use of local search can inject a global per-
spective to re�nement search's control decisions;re�nement search can provide
a systematic basis for exploring tightly constrained regions of the underlying
search space.We focus speci�cally on useof the inconsistencymeasureof local
search as guidance for determining which re�nements to apply within a re�ne-
ment search. Sometheoretical justi�cation for this model is given in [9], where
it is proved that a backtracking-basedre�nement search guided by information
of a complete assignment has a much better average run-time behavior than
previously analyzedalgorithms that were not.

A number of researchershave proposedapproachesalong theselines. [5] and
[14] applied the GSAT local-search method [11] to generate complete assign-
ments within a backtracking re�nement search in the context of solving propo-
sitional satis�abilit y (SAT) problems. Similarly, [10] studied the useof a linear
programming solver asa complete-assignment generator to guide a backtracking
re�nement search, obtaining results that outperformedall alternativ ealgorithms
applied to the problem of minimizing perturbations in dynamic scheduling. A



variation of this approach was presented in [7], using a local-search approach
instead of a linear programming solver.

In this paper, we extend and further evaluate the idea of integrating local
search as a basis for more globally informed control of re�nement-based CSP
search. First, we consider the added bene�t of factoring information related
to the local search's assignment history into search-control decisions.The work
mentioned abovehasrelied strictly on analysisof the �nal assignment generated.
Second,we consider the relative strengths of probe-basedheuristics in relation
to the search control bias that is provided by more classicalCSP variable- and
value-ordering heuristics that incorporate knowledgeof the problem domain at
hand. We comparethe useof probe-basedheuristics to an uninformed re�nement
search and evaluate several solver con�gurations that combine probe-basedand
domain-speci�c re�nement heuristics in di�eren t ways.

We investigate theseissuesin the application domain of job-shop scheduling.
We concentrate speci�cally on the problem of generating a feasible job-shop
schedule. In brief, a problem consistsof n jobs, each of which requiresexecution
of a sequenceof m tasks. Each task i of job j has a �xed duration pj;i and
requires a speci�c resourcer 2 R. jRj = m, and each job visits all resourcesin
someorder (determined by its task sequence).All jobs must be completed by
a speci�ed global due date h, and a resourcecan only perform one task at a
time. The goal is to �nd starting times for the tasks that satisfy all time and
resourceconstraints. Contention for resourcesby competing tasks is what makes
the problem di�cult (NP hard). Resourcecontention is also re
ectiv e of global
constraint interactions, and hence representativ e of the sort of domain where
local search might be expected to boost re�nement-search performance.

We start by describing the assumptions and components of our integrated
search framework.

2 Solver In tegration

To bring local and re�nement search together, [14] argue in favor of a system
that usesattributed variables, i.e., which allows the local-search solution's values
to be stored directly within the re�nement search's solution structures, using the
sameproblem modeling for both search techniques. While this certainly eases
problem modeling, it has the major drawback that models cannot be created
in a way to enable structure exploitation for both search approaches. Search
performance is highly dependent on appropriate models, and we thus instead
use an integration of two solvers, both based on constraint programming but
speci�cally designedfor local and re�nement search respectively.

2.1 The Re�nemen t Solv er

The base re�nement-search solver is built using the Comirem planning and
scheduling framework [13], which promotes a generalview of problem solving as



an incremental constraint posting process.At its coreis a SimpleTemporal Prob-
lem (STP) constraint-network solver [6]. All input tasks, durations, sequencing
constraints, and deadline constraints are translated into a graph of time points
and distance constraints, and constraint propagation is performed to establish
initial time bounds on the start and end of each task. The STP constraint net-
work solver is then invoked to update thesestart-time and end-time boundsand
to detect constraint con
icts (infeasible states) as constraints corresponding to
each new scheduling decisionare added to the network.

The processof scheduling in this model is not concernedwith assigningtask
start times, but instead aims to feasibly sequencethe set of tasks that are com-
peting for each resource.1 A basic re�nement step in the search involves two
decisions:(1) selecting an as yet unsequencedtask and (2) selecting where to
insert this task into the partial sequencethat has been establishedthus far on
the required resource'stimeline. We refer generally to a feasible position in a
resourcetimeline asa \slot". In the underlying constraint network, the selection
of a slot may result in the posting of oneor two precedenceconstraints between
competing tasks, depending on whether the task is inserted at the beginning,
at the end, or somewherein the middle of the resource'stimeline. Thus, a �nal
solution will typically designatea set of possiblestart times for any given task
(all feasible) rather than committing to a single point.

At each re�nement step, the basere�nement procedurerecomputesthe feasi-
ble options (slots) for each uninserted task and applies search control heuristics
to determine the next decision.In the event that an infeasiblestate is detected,
the search backtracks chronologically and considersalternativ e slots for previ-
ously inserted tasks. Thus, the basic scheduling procedure is complete if given
enoughtime to execute,and search control heuristicsareusedto improveaverage
caseperformance.

In this paper we make useof two di�eren t heuristics for task selection,each
aimed at selectingthe most temporally constrained task for insertion next:

{ Least Options First (LOF) - M in i 2 U ninser tedT ask s jSlotsi j. In caseof ties, then
M in i 2 U ninser tedT ask s (M in (l f t i � esti � pi ;

P
s2 Slots i

(l f ts � ests � pi )), where
l f tx is latest-�nish-time of x, estx is the earliest start time, and pi is the
processingtime of i .

{ Minimum Slack First (MinSlack ) - M in i 2 U ninser tedT ask s (M in (l f t i � esti �
pi ;

P
s2 Slots i

(l f ts � ests � pi )), where l f tx , estx , and pi are de�ned asabove.

Intuitiv ely, the number of feasibleoptions (slots) remaining providesonebasic
estimate of temporal constrainedness.However, given the nature of the search
space, the insertion of a task into a given resource'sschedule (sequence)can
sometimesincreasethe number of options for other pending tasks that require
this sameresource,and henceLOF decisionsmay not always be directly corre-
lated to temporal constrainedness.MinSlack provides a simpler but potentially
more direct measureof a task's current degreesof freedom[12].

1 Hence,constraint propagation through the STP network in this context implements
enforcement of disjunctiv e resourceconstraints as described in [1].



For option selection,we adopt the following heuristic:

{ Maximum Slack First (MaxSlack) - M axs2 Slots i (l f ts � ests � pi ).

Intuitiv ely, the option that retains the most temporal 
exibilit y is selectedby
MaxSlack.

To provide an alternativ e basis for search control, we also de�ne non-deter-
ministic versionsof these task selectionand option selectionheuristics. Follow-
ing the principle of calibrating the level of non-determinism to the discrimina-
tory power of the search heuristic in a given decisioncontext [4], we randomize
these heuristics in a value-biasedmanner. Speci�cally , we modify the heuristic
values assignedto each choice by a bias function of the form valueb, and use
the resulting numbers to de�ne choice probabilit y. We refer to the randomized
counterparts of the above heuristics asLOF(b), MinSlack(b) , and MaxSlack(b)
respectively.

2.2 The Lo cal-Searc h Solv er

The local-search solver is a modi�cation of the DragonBreath engine2 (see [8]
for details). The solver is a general constraint-programming system and not
specialized to scheduling problems. However, it is easy to expressthe job-shop
scheduling problem by way of the given constraint types.

Two constraint typesareusedto model the problem: a non-overlap constraint
for a machine's tasks and a linear-inequality constraint to describe a temporal
relation betweentasks. In the search approach of the DragonBreath engine,every
constraint calculatesan inconsistencyvalue using a constraint-speci�c measure
indicating how far o� the involved variables' assignment is from a consistent
solution. For example, the non-overlap constraint returns costs related to the
time spansduring which involved tasks are overlapping.

The sum of the constraints' inconsistenciesrepresents the total inconsistency
of the solver's current assignment. In each improvement iteration then, an in-
consistent constraint is selected,and the constraint selectsoneof its constraint-
speci�c heuristics to change its variables' values in order to reduce the con-
straint's inconsistency. For example, a non-overlap constraint might select a
heuristic to shift a task to a time at which it causeslessoverlaps.

The search landscape doesnot have local minima becausethe applicabilit y of
the constraints' heuristics is not restricted to greedyimprovements of the overall
inconsistency. Randomization and learning techniques are applied to promote
exploration.

In contrast to the re�nement solver, the local-search solver has concreteval-
uesassignedfor all variables | the tasks' starting times in this case| at any
time. The local-search solver therefore also has a complete picture about the
currently involved inconsistencies,which makes it easier to identify potential
\trouble spots", i.e., regionswhere it is not easyto establish consistency.

2 The engine is freely available at:
http://www.ai-center.com/proj ects /drag onbreath /



2.3 The Solv ers' In teraction

The interaction of the solversis shown in Figure 1. Re�nement search is the mas-
ter process,using the local-search solver for heuristic guidance.Both solvershave
di�eren t internal representations of the job-shop scheduling problem and com-
municate in referenceto decisionvariables, which are the tasks' starting times.
For every re�nement decisionof the re�nement solver, the local-search solver is
noti�ed to internally add a corresponding constraint <4> so that both solvers
keep working on the sameproblem. In caseof backtracking, this constraint is
removed again <5>.

A = [0..1000]

B = [374]

C = [0..20]

D = [20..700]

Refinement Solver
(Master)

Decision Variables:
<1> Granting optimization time

Suggestion of refinement decision

Suggestion of refinement option

<4> Propagating refinement

<5> Canceling refinement

A = 382

B = 374

C = 0

D = 570

Local-Search Solver
(Slave)

Decision Variables:

<2> Asking which refinement decision to make

<3> Asking which refinement option to choose

Fig. 1. Solver integration.

The local-search solver cansuggest,at each re�nement step,which re�nement
decisionto make and which re�nement option to choose.For example, in caseof
the job-shop scheduling problem, the local-search solver suggestsfor which task
an ordering decision should be made next <2> and which ordering constraints
(before or after) relative to other tasks on the samemachine should be chosen
<3>. Since we are also interested in exploring the interplay of local search and
the basere�nement heuristics, we alsoadmit con�gurations that restrict the use
of local-search guidanceto either task selection<2> or ordering decisions<3>.

Re�nement recommendationsof the local-search solver are generally made
in a way to focus on critical regions,i.e., recommendingvariables for re�nement
that are related to the highest amount of inconsistency, and to steer the local-
search solver's assignment away from inconsistencies,i.e., recommendingvalues
that minimize these inconsistencies(seefollowing sectionsfor details).

At each re�nement step, the local-search solver is given some time for op-
timization <1> to adapt to the current situation before a recommendation is
queried. In our current implementation, this time is split into a time for general
optimization (500 iterations for the test runs given below), and a time in which
the local-search solver concentrates on satisfying only the re�nement decisions



already taken (maximally 200 iterations for the test runs given below). There
is also someoptimization time granted to the local-search solver before the re-
�nement (1000 iterations for the test runs given below). If at any point during
the overall re�nement search, the local-search solver �nds a feasiblesolution to
the problem at hand, then this solution is returned and the re�nement search
terminates in success.

3 Test Problems

Our sampleproblems are taken from the OR-library 3. They include three prob-
lemswith ten jobs and ten resources(\1000/abz5", \1006/ft10" and \1051/orb04").
We also ran other problems of di�eren t sizesto verify our �ndings; the results
con�rm our �ndings but are not included here. Note that the commonly pub-
lished makespanbenchmarks for theseproblemsare not applicable herebecause
we tackle the satisfaction problem | searching for a solution within a �xed
horizon | instead of optimizing the makespan.

For each test run, there is a cut-o� at 1000 re�nement steps. Most variants
discussedbelow involve randomization components. At least 50 test runs are
thus run per con�guration.

Three di�eren t di�culties are identi�ed per problem to de�ne problems of
increasinghardness.Problem di�cult y is a function of the tightnessof the global
due date. To determine problem di�culties, the temporal distance between an
in�nite capacity solution (lower bound) and a due date equal to

P
i 2 T ask s pi

(upper bound) wasdivided into 100increments. The \hard" di�cult y represents
the loosestglobal duedate (moving from upper to lower) for which the re�nement
solver alone (i.e., using only the basere�nement heuristics LOFand MaxSlack)
cannot produce a solution. The \medium" di�cult y is obtained by setting the
global due date one step toward the upper bound and \easy" is obtained by
moving 10 steps further in that direction.

4 In volving Lo cal Search's Search History

In previous approaches,a recommendationof the local-search solver was based
on the variable assignment (and the involved inconsistencyin consequence)after
a speci�c amount of time was given to the local-search solver for improvement 4.
We will refer to this as strategy CI (lik e \Curren t Inconsistency") in the follow-
ing. For this strategy, after the local-search phase, the inconsistenciesof every
constraint that a task is involved in are summed up, and the task with the
highest inconsistency sum is recommendedfor a re�nement decision. For the

3 http://graph.ms.ic.ac.uk/info .htm l
4 Note that there are also some approaches in which local search is run until a local

minima is reached, or | using local search only for sub-problems | in which local
search is run until a fully satisfying solution is found. Approaches lik e this, however,
provide little temporal control for the search process.



recommendationof the ordering, all current orderings of a task with respect to
the selectedtask are considered,and the reverseof the ordering involving the
highest inconsistencyis recommended.

However, this approach only exploits the information that is available after
the improvement of local search hasbeencompleted. If local search is considered
to be an intelligent sampler of a search space,this means that only one sam-
pling is returned by this approach. Moreover, the assignments at this time may
just represent a short-term anomaly causedby a bad last local-search move. We
thus vary the recommendationstrategy in the following by additionally involv-
ing information gathered during the complete local-search phase,incorporating
information of multiple assignment samplesthereby.

4.1 Iterations of Inconsistency

The strategy analyzed in this section makesuse of demonsthat record speci�c
features about the constraints and their inconsistency during the local-search
improvements.

For every pair of tasks ta and tb on a resource,there is a demondab recording
the number of iterations in which ta was precedingtb and constraints involving
ta or tb wereinconsistent. There is alsoa complement demondba for situations in
which tb was precedingta . When a recommendation is to be made, the demons
propagate their iteration counts to the tasks involved, which sum thesecounts.
The task with the highest number of such \iterations of inconsistency" is rec-
ommendedfor a re�nement decision (strategy II ). For the recommendation of
the ordering, the reverseordering of the demon with the highest iteration count
is recommended.The demons' counts are reset to 0 every time a re�nement
decision is made or canceled/backtracked by the re�nement solver.

4.2 Av erage Inconsistency

For the following strategy AI , we additionally involve the constraints' quanti-
tativ e inconsistencyvalues. In contrast to strategy II , not only the number of
inconsistent iterations is recorded by the demonsbut also the quantitativ e in-
consistencyvalue that is involved.The averageinconsistencyduring inconsistent
iterations is then propagated to the tasks involved and usedas recommendation
criterion.

4.3 Bound Propagation

In addition to notifying local search about the ordering re�nements adopted, the
re�nement-search solver can also inform local search about changesto the time
bounds of individual start-time variables, which are updated during constraint
propagation when a re�nement decisionis made. Implicitly , local search already
has this information by way of the orderings, but additional explicit constraints
may help local search to ful�ll these bound constraints. Bounds represent hard



constraints in the DragonBreath engine,i.e., a variable's value will immediately
be shifted back into the bound if a heuristic tries to assigna value outside the
bound. Thus, the propagation of such bounds may have a much larger impact
than the implicit information. The extensionof strategy AI by propagating these
bounds to local search will be called AI-B in the following.

4.4 Results

Figures 2 to 4 show the results for all strategies.It can be seenthat the strategy
AI outperforms the other two and con�rms our thoughts that the additional
quantitativ e information is crucial to improved search performance.
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Fig. 2. Comparing variants of local-search recommendations | problem 1000.

Strategy II does not work out well. One reasonmight be that { especially
in problems with tight global deadlines { strategy II can hardly di�eren tiate
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Fig. 3. Comparing variants of local-search recommendations | problem 1006.

betweentask options becausemost constraints are unsatis�ed during the entire
run.

The result of propagating bounds | strategy AI-B | does nearly always
perform better than strategy AI . However, keep in mind that the x-axis shows
the number of re�nement steps/nodes. Propagating bounds to the local-search
solver involves computation costs, and it depends on the applied solvers and
communication speedif this additional overheadpays o�.

In somerare cases,propagating bounds worsensthe results. An explanation
for this might be that in certain situations, the application of hard constraints
for bounds restricts local search's abilit y to move to other regionsof the search
space,sampling lessof the relevant assignments thereby.

5 Comparison to Uninformed Recommendations

We were able to improve the useof local search, but have not yet demonstrated
that the advice that is extracted by using the inconsistencyinformation of local
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Fig. 4. Comparing variants of local-search recommendations | problem 1051.

search's samplingsguidessearch in a better way than a simple randomizedchoice
for task selectionand ordering at each re�nement step (RND).

Considering only the hard problems (which cannot be solved deterministi-
cally), it is di�cult to discriminate performance.AI-B is able to �nd solutions
for a small number of runs and RNDnever producesa solution on any runs. The
utilit y of AI-B over RNDis more evident if we restrict use of AI-B (resp. RND)
guidanceonly to task selectionand rely on the re�nement solver's baseMaxSlack
heuristic for option selection.Figure 5 showsthe results for thesecon�gurations. 5

If a local-search solver is used,however, the costsof running the local-search
optimization and the overhead for solver communication must be considered.
This search overheadmay vary depending of the applied solversand integration,
but in our experimental setting, it turned out to be a substantial overheadthat
hardly justi�es the improvement gained in search guidance.

5 Experiments that restricted AI-B (resp. RND) guidance to option selection were also
run, but these con�gurations were not as e�ectiv e.
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Fig. 5. Comparison to uninformed re�nements.

6 Comparison to Domain-Sp eci�c Heuristics

We have shown that the inconsistencyinformation of local search's sampling is
a well-informed heuristic. However, for many problems, it may be easyto come
up with domain-speci�c re�nement heuristics. In the previous section, it already
becameclear that using the MaxSlack re�nement heuristic for option selection
instead of local search's recommendationdrastically improvesperformance.

Figure 6 shows the impact of the re�nement heuristics described in Section
2.1 for task selection. Despite the fact that deterministic LOF/MaxSlack is un-
able to solve any of the hard instances,con�gurations of LOF(b)/MaxSlack for
various bias valuesoutperform AI-B/MaxSlack in most cases.A secondcon�g-
uration MinSlack(b)/Max Slack that utilizes the simpler MinSlack heuristic for
task selection was found to consistently perform better than AI-B/MaxSlack .
Moreover, even the deterministic variant MinSlack/MaxSlack is able to solve
two of the three hard problems with just one or two backtracks. These results
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Fig. 6. Comparison to domain-speci�c heuristics.

are all the more signi�can t when coupled with the fact that useof these re�ne-
ment heuristics is substantially cheaper than calling the local-search solver.

7 Conclusion

We have studied the integration of local-search advice into a re�nement search.
The advice wasprovided by suggestingre�nements that guide re�nement search
away from the inconsistencyof local search's assignment samplings.

In the approaches of previous work, local search was allowed to run for a
while, and only the �nal assignment was used for recommendations.The local-
search assignment at this time may be of high quality in terms of local search's
cost metric, but we have shown that integrating the information of intermediate
search stepsresults in better advice.Intuitiv ely, the adviceincludesmorepossible
assignments that were sampledby local search this way.

We have shown that the inconsistencyof local search's assignment can pro-
vide productive heuristic guidance. However, the computational costs for the



integration overheadand local-search optimization make this a rather dubious
result. Moreover, even simple domain-speci�c heuristics seemto result in equal
or better performance than the \m ushy" information of inconsistencyof local-
search samplings.This seemsto be plausible, but we were surprised how easyit
is to outperform the probe-basedheuristic.

An interesting question for the future is if we can develop heuristics that
can classify their recommendationvalue, and possibly switch to the probe-based
heuristic in decision contexts where they can provide only little guidance.Pre-
liminary experiments that decreasethe probabilit y of using the probe-based
heuristic with increasingre�nement depth, however, did not look highly promis-
ing. The rationale for this approach was that re�nement search potentially gets
more informed with increasingre�nement depth becausethe variables' domains
get smaller, enabling predictions that are more precise.

The presented emipircal results only cover job-shopscheduling examples,and
for other domains, where lesse�cien t re�nement heuristics are known, probe-
based search may still be a viable option. Our results, however, suggest that
oneshould be careful in investing too much e�orts in improving the probe-based
approach instead of thinking about more appropriate re�nement heuristics.
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